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SYMBOLS

a Inside radius of a cylinder.

b Outside radius of a cylinder.

d Notch depth.

E Modulus of Elasticity.

ESP Elastic strength pressure, the pressure required to cauisc

yielding in an autofrettaged cylinder,

h Notch height.

ID Inside diameter.

Knotch Stress concentration factor calculated by considering the

entire notch as a stress riser.

Kroot Stress concentration factor calculated by considering the roots

of the notch as a stress riser.

OD Outside diameter.

r Radial coordinate.

R Root radius of a notch.

Rf Stress reduction factor.

T Temperature.

Ta Value of temperature at the inside radius a.

TO PValue of temperature at the elastic-plastic radius p.

W Wall thickness of a cylinder (b-a).

OL Coefficient of thermal expansion.

C z Strain in the axial direction.

e Polar coordinate.

v Poisson's ratio.
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p The elastic-plastic radius.

0 0Yield strength.

a 1  Maximum principal stress.

0- Minimum principal stress.

arA Autofrettage residual stress in the radial direction.

arp Radial stress resulting from internal pressure.

GrT Radial stress resulting from an axisymmetric temperature
distribution.

GT Axial stress resulting from an axisymmetric temperature
distribution.

G OA Autofrettage residual stress in the hoop direction.

0eArelieved Reduced value of the hoop residual stress due to the presence
of a notch.

C Op Hoop stress resulting from internal pressure.

C Hptotal Hoop stress on the radial plane intersecting the center of anotch including bending, resulting from internal pressure.

aOT Hoop stress resulting from an axisymmetric temperature

distribution.

p Internal pressure.

Cmax  Maximum stress occurring in a fatigue cycle.

amin Minimum stress occurring in a fatigue cycle.
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INTRODUCTION

To enable a thick-walled cylinder to contain greater pressures without

plastic deformation, residual stresses are often induced in such cylinders

1
through autofrettage. The autofrettage residual stresses result from

subjecting the cylinder to a pressure sufficient to cause plastic flow,

axisymmetrically to some radius p, the elastic-plastic radius. Due to non-

uniform recovery, upon removal of the autofrettage pressure a residual stress

distribution results in the tangential direction which is compression at the

ID and logarithmically varying to tension through that part of the wall which

was plastically deformed. Outside the elastic-plastic radius, the tangential

2
residual stresses follow an elastic ;tress distribution. Two theoretical

autofrettage residual stress distributions are shown in Fig. 1. Residual

stresses also result in the radial and longitudinal directions, but these

stresses are of lesser engineering significance and will not be considered

here. The compressive tangential residual stress allows greater internal

pressure to be contained elastically and greatly enhances the fatigue life
3

of smooth cylinders when the fatigue failure initiates at the ID.

1Davidson, T. E., and Kendall, D. P., "The Design of High Pressure Containers
and Associated Equipment," The Mechanical Behavior of Materials Under Pres-
sure, Pugh, H.L.I.D., Elsevier Publishing, Amsterdam, 1970.

2Davidson, T. E., Barton, C. S., Reiner, A. N., and Kendall, D. P., "Over-

strain of High-Strength Open-End Cylinders of Intermediate Diameter Ratio,"
Proceedings of the First International Congress on Experimental Mechanics,
Pergamon Press, Oxford, 1963.

3Davidson, T. E., Eisenstadt, R., and Reiner, A. N., Journal of Basic

Engineering, December 1963, pp. 555-565.

1
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In some applications of thick walleu cylindcrs, such as modern large

caliber cannon, it is scmetimes necessary to introduce structural discontir-

uities, notches and keyways for example, to t Ce Q!) cf the -cyind-r. .tit

frettaged cylinders with O1 notches have lower fatigue lives than smoot.

cylinders, since the fatigue failure initiates at the Ob. Such failures :1r,

more catastrophic than ID failures because very hIigh stress intensi-, ,

result from the tensile residual stresses and tensile operating str-,,,

allowing only very small critical crack sizes. Also it is ia. ,known > ...

effect of removing material to introduce the notch on the (' ki11 have or!

the residual stress distributions. This paper presents t!he rc-i:lt of stress

analysis of a cylinder containing two OD notch configurations i:rler inrternal

pressure loading, and also under thermal loading which simulates the tangen-

tial autofrettage residual stresses exactly.

THEORETICAL RESIDUAL STRESS DISTRIBUTIONS

The theoretical stress distribution of autofrettage has been reported by
2,6

several investigators. Based on the von Mises yield criterion and assum-

ing plane strain conditions, i.e., cz = 0, the residual stresses in the

tangential, and radial directions are given as:

2Davidson, T. E., Barton, C. S., Reiner, A. N., and Kendall, D. P., "Over-
strain of High-Strength Open-End Cylinders of Intermediate Diameter Ratio,"
Proceedings of the First International Congress on Experimental Mechanics,
Pergamon Press, Oxford, 1963.

4 Kapp, J. A., Unpublished results.
SKapp, J. A., and Eisenstadt, R., Fracture Mechanics, ASTM STP 677, C. W.

Smith, Ed., American Society for Testing and Materials, 1979, pp. 746-756.
6Harvey, J. F., Theory and Design of Modern Pressure Vessels, 2nd Ed., Van
Nostrand Reinhold, NY, 1974, pp. 61-67.

2
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Good agreement between the theoretical stress distributions, Equations

(1) and (2) and measured residual stress distributions has been observed by

7Davidson et al, although closer agreement is obtained when the residual

stresses are calculated using the Tresca yield critribon The only difference

between Equations (1) and (2) and the stress distributions determined by

using the Tresca criterion is that the constant coefficient 200IT// is replaced

by o0. Since the schemes used to simulate the autofrettage stress distri-

butions, discussed below, are all developed based on the assumption that the

von-Mises criterion applies, the same assumption will be made here. The

results are presented in such a manner that they reflect a relative change

between stresses actually acting in the cylinder and those predicted using

7Davidson, T. E., Kendall, D. P., and Reiner, A. N., "Residual Stresses in
Thick-Walled Cylinders Resulting From Mechanically Induced Overstrain,"
Experimental Mechanics, 1963, Vol. 3, pp. 253-262.

3
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Equations (1) and (2). The relative, percentage deviation can be eq-ia2v

well applied to theoretical stresses calculated using either the Tresc:-i

von Nises criteria.

The effect of introducing structural dis~ontiituities to smooth cv.

on autofrettage residual stresses has not been investigated. Somc ex; 

have been conducted by Kendall to measure changes .nr.siduul sir-

when the cylinder is uniformly reduced in Ial I thickn~c- l:v machli i , T

results of these experiments show that large changes in residual :.;c" cu.

be accomplished with even small amounts of material removal.

SIMULATION OF RESIDUAL STRESSLS

Since residual stresses exist in autofrettaged cylinders under the appli-

cation of no active external loads, it is necessary to develop a method for

simulating these stresses using some loading condition in a smooth cylinder.

Once the simulation loads are determined, these same loads -an then be

applied to a non-smooth cylinder; thus the effect of the structural discon-

tinuity is obtained. The method of 'equivalent cuts', used by Hussain and

Pu9 is one such simulation technique. Using this method, a fine radial s:4..

cut is made in the cylinder, effectively making the cylinder a singly-

connected ring. By applying certain enforced displacements to the surfaces

created by the saw cut, a state of stress developed in the ring exists that

8Kendall, D. P., "The Effect of Material Removal on the Strength of Auto-
frettaged Cylinders," Watervliet Arsenal Technical Report AD701049, Watervliet,
NY, January 1970.

9Hussain, M. A. and Pu, S. L., "Preliminary Study of the Effect of a Recoil
Keyway on the Fatigue Life of the M185 Cannon Tubes," Technical Report
ARLCB-TR-78017, Watervliet Arsenal, Watervliet, NY, November 1978.

4



is equivalent to the autofrettage case. Although excellent results are

obtained using this technique, its application to the OD notch problem is

costly since for each different residual stress pattern studied, a different

enforced displacement is applied. This requires the generation of a differ-

ent stiffness matrix for each loading condition when the finite element method

of analysis is employed.

Another method of simulating the residual stresses, also proposed by
10

Hussain et al is by the application of thermal loads. This is the method

used in this report and will be discussed briefly. For a smooth hollow

cylinder subjected to an axisymmetric temperature distribution T(r), the

three principal stresses, assuming zero resultant longitudinal force at the

ends is given by: 11

E 2_-a 2 b r
a _ E rLa f rT(r)dr - f rT(r)d (3)
arT (l-v)r2  b -a T 1

(1- Fr2 E  r+a2 b r 2 )1(4
aET = - Z~aZ f rT(r)dr + f rT(r)dr - raT(r (4)

6 (-v)r 2 b 2  r a T

zT (l-v)r 2  a2 a 2 f rT T(r ()
a

10Hussain, M. A., Pu, S. L., Vasilakis, J. D., and O'Hara, P., "Simulation
of Partial Autofrettage by Thermal Loads," Submitted to Journal of Pressure
Vessels Technology.

11Timoshenko, S. P. and Goodier, J. N., Theory of Elasticity, 3rd Edition,
McGraw-Hill, 1970, p. 448.
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The temperature distribution necessary for the simulation is expressed

in general terms as

Tp + P .n(o/r)

T(r) = Z ln(p/a) -

T p< r<b

where Ta and T are temperature VAluCS at the inside radius and the e'ia;tic-

plastic radius respectively. Since thermal stresses result from a temper-

ature gradient, the absolute values of T and T are not important, th.I< for
a

convenience one of these values can be arbitrarily assigned, in this case

To = 0. Upon integration of equations (3) and (4) using equation (6) I.ith

T = 0, the thermal stresses are obtained as:
p

ctE Ta a2_ + L2]F2-b2 -1npa F f2 b2 npr)
(1-v) 2Zn(p/a) b2-a2 1 

+ rL2b -n(p/a + 2b2 -

S2a<r<

E Ta a 2 L2 a p2 -b

___ _____-I r F 2- Zp/a)

(l-v) 2kn(p/a) r2  2 b -a2  2b2  [22

.L
CrT =  a < r < p"

ctE T a a2 b - ] _ 2  ab + 8

-tE Ta P 2 -+2n(p/a) < r <b
(l-v) 2kn(p/a) L 2  2b2  b 2 -a 2  2b 2  n a r-

6



The similarity between equations (1) and (2) and equations (7) and (S)

is readily seen. Equivalent stress states will result when:

20 o5 E a
- (9)

vT (1-v) 2kn (p/a)

Those temperaturc distributions which result in the same stress state shown

in Fi ,. 1 are plotted in Fig. 2.

Morc important than the mathematical exactness of the temperature load-

ing simiulational is the physical mechanism which causes these stresses. In

each instance the stress distribut:.ons result from non-uniform expansion or

contraction of an axisymnmetric section of the cylinder. The stresses occur

then as a result of the finite stiffness of the structure. When the stiff-

ness of the structure is changed by introducing notches, cracks or other

structural discontinuities, the resulting change in autofrettage residual

stresses should be exactly the same as that change in the thermal stresses

when temperature distribution given by equations (6) and (9) is applied to a

cylinder containing those same structural discontinuities. Also, by applying

the temperature loads, only a single finite element mesh, with a single stiff-

ness matrix is necessary to analyze all of the loading conditions studied.

THE OD NOTCH PROBLEM

The engineering applications of concern in this paper is an OD notch in

a thick-walled cylinder as shown in Fig. 3. The cylinder has a radius ratio

b/a of 1.74 with two different notch depth to wall thickness ratios d/W of

.178 and .088. The root radius and notch height are the same in each case,

7
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namely R/W of .013 and h/W of .444 respectively. Two autofrettage conditions

were analyzed 100% overstrain and 60% overstrain*, for each notch configur

ation. Also, internal pressure was applied to each cylinder.

The analysis was conducted using the finite element method and the

NASTRAN program. The elements used are constant strain triangular and

rectangular membranes, which can be loaded mechanically for internal rrc

and with temperature for the autofrettage simulation. Since the notc}h . A i1

der is symmetric about the center of the notch, only one half of the cylinder

is necessary for the analysis. One of the meshes used is shown in Fig. 4.

RESULTS

The finite element results are plotted in Figs. 5 through 16. Three

reference planes, A-A, B-B, and C-C, as indicated in Fig. 3 are used to

present the results. Plane A-A is the plane located 180' removed from the

center of the notch; stresses acting on this plane indicate the far removed

effect of the notch. The B-B and C-C reference planes in the vicinity

of the notch are used since the notches analyzed can be considered as a dual

stress concentration. First, the entire notch can be considered as a stress

concentrator, and the stresses acting on plane B-B can be used as a measure of

the severity of this stress concentration, Knotch . Second, the root radius P

can be considered as a separate stress riser. Plane C-C is the radial plane

*Percent overstrain is defined as that percentage of the wall thickness which

is subjected to plastic deformation under the application of the autofrettage
pressure.

8



,hii passes through the root radius of the notch. Tile stresses which act on

this plane will enable the calculation of a stress concentration factor for

the root of the notch, Ktroot

The muoshes used, Fig. 4, were constructed such that the centroidl of

elements along the reference planes lie on the radial planes, as closely as

possible. There is some deviation from this and some of the element centroids

lie on a radial planes a small distance from the reference planes, which

results in the scatter observed in the outer portions of the cylinder in

some of the finite element solutions. Also, the output from the NASTRAN

program is reported in the elemental coordinate systems which do not always

correspond to the global coordinates (r,O). To circumvent this, the maximum

principal stress is determined for each element and this stress is plotted

in the figures. In no instance is the direction of the maximum principal

stress more than three degrees different from the hoop direction. The hoop

stresses are the only results presented since these are the stresses which

dominate the onset of elastic breakdown, or crack initiation which are the

engineering application of this work.

Pressure Loading

The stresses resulting from internal pressure loading of thick-walled

cylinders are the well known Lame solution given as:

SI2 b 
(10)G rP b 2-a2 L

9
4"

I ' i___ _________ I



= a 1 + L I (1 1

)
2 _;

2  r
2

The finite element results for the Iprt'ssure loadin, ire shown in Figs.

through 8. For the deep notch clise ( 5igs, 3 and (,), expected results are

obtained. Along A-A, the -stressCs follow equation (11) but along C-C si .ri-

ficant deviation from theor\ i: ol srved. The stress concentration facto!

Kroot' is calculated as the ratio of the finite element determined strc-

acting on C-C at the root radius to the finite element determined str, at

the same radial position as the root radius acting on A-A. The stress concen-

tration factors for all loading conditions are summarized in Table 1.

The stresses occurring on B-B are plotted in Fig. 6. A first approx-

imation to predicting these stresses would be to assume that they follow the

Lame solution, with reduced wall thickness, by replacing b with (b-d) in

equation (11). Another approxi:,ation proposed by Kapp can be made by

realizing that rotational equilibrium is not maintained when the reduced wall

thickness approximation is applied. Thus, in addition to the reduced wall

thickness Lame stress there must be a bending component. The total stress

distribution is:

(I + (bd) 12(r (b-d+a') b
CF t ta pa ,  r + 2 in b)
Ptotal (b-d) 2 - a2  (b-d-a)3  b2-a2 )-

' )

(b-d) 2 (b-d (

(b-d)
2 _ a2  a 

(

12Kapp, J. A., "The Effect of Autofrettage on Fatigue Crack Propagation in
Externally Flawed Thick-Walled Disks," Masters Thesis, Union College,
Schenectady, NY, 1976,

10
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Both of these approximations are compared with the finite element results

in Fig. 5 which shows that neither gives a good representation of the actual

stresses through the wall thickness, although a reasonable estimate of the

maximum stress at the center of the notch can be made using Equation (12).

The stress concentration factor Knotch is calculated as the ratio of the

maximum finite clement stress at the outer portion of plane B-B to the stress

predicted by Equation (11) using the reduced wall thickness approximation, at

the same radial position. For the shallow notch, the stress concentration

factor Kroot is significantly reduced as shown in Fig. 6 and Table I for

pressure loading. The stresses acting along B-B also indicate a less severe

stress state. The results in Fig. 8 show that a very good approximation to

the maximum occurring stress near the center of the notch can be made using

Equation (12), and the value of K notch is also reduced.

Autofrettage Results

The results of the temperature loading simulation of the 100% overstrain

and 60% overstrain cases are plotted in Fig. 9 through 16. For deep notches,

the 100% overstrain case is presented in Figs. 9 and 10. The stresses along

A-A and C-C for 100% overstrain show that the roots of the notch are a signif-

icant stress concentration with Kroot approximately the same as determined in

the internal pressure case. An interesting difference in the response of

the notched cylinder under temperature loading is that the stresses along A-A

are significantly different than the theoretical autofrettage stresses in a

smooth cylinder. This seemingly defies the St. Vennant Principle. These

stresses result from a non-uniform enforced displacement of portions of the

11
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cylinder and are a function of the stiffness Of the cy1illdCr. When tr', t:

is introduced in the cyI inder its ,ti ffnkss is reduced I i Io n-i: it t .

the enforced di spl acement isi It - Litcr.,t in, lo, -r :t -, s

entire less stiff, more compliant str-tct jr ., tha:. tie t. \'L:? , "It.

need not apply. For the deep notch 10eonet:, 10 verst rain ca ;.

a close agreement between theoretical asitofrettage ;tres: .

reduced wall thickness approximation along line B-B ,a. .":.,

There is some increase in the tensile tres- at out sidc POrto' 0 1

stress concentration, Knotch but this affect is more cifi:ed th.n

pressure case.

The shallow notch, 100% overstrain sclutions are given i1 , i . 11 d

12. Again, the far removed stresses on plane A-A are reduced from, the

theoretical full thickness solution. The amount by which these stres

distributions differ is approximately the same as in the deep notch case.,

The stress concentration factor, Kroot, is also reduced substantially over

the deep notch case. There is also close agreement between the finite ele-

ment stress distributions on planes A-A and C-C in the inner portions of the

wall thickness, another indication of a significantly less severe stre-ss

state. Figure 12 shows the close agreement between the reduced wall thick-

ness assumption and the actually occurring stress distribution along Bi-B,

with virtually no stress concentration, KnotchO

The results of the final loading condition tested, 60% overstrain, are

plotted in Figs. 13 through 16. The effect ol the deep notch on this load-

ing condition is the smallest of all of the cases studied. Figure 13 shows

12



that the A-A stresses are again less than theoretical full wall tickies

strc:,, distribution, but the agreement between the finite element stres )Ts on

plant, C-7 and pl, ne A-A is very good throughout most of plastically deformeCd

iroinr portion of the all thickness. On plane B-B for deep notches, Vi[,. 1.1

shows sIlna I diffeoenccs between the reduced wall thickness theoretical predic-

t ion in the plast ic regions, but relatively large deviation in the elastic

region, sith Knotch approximately the same as calculated for the 10W over-

strain, deep notch case.

Sh'l low notches have an even smaller effect on the residual stress pat-

tern.. for the (,O overstrain case as shown in Figs. 15 and 16. The far field

stresses are less than the theoretical full wall thickness solution but th(

A-A -;tresses and C-C stresses agree very well throughout the thickness. The

only significant deviation in the two finite element distributions is in the

elastic region at radial positions very close to the roots of the notch. On

plane B-B, the finite element results agree well with the theoretical solu-

tion assuming reduced wall thickness conditions. The deviation from theory

is about the same through the entire wall thickness, and the agreement in

the elastic region is much better for the short notch case through the deep

notch case, 60% overstrain case and also virtually no stress concentration

factor Knotch*

,w• - 13-



DISCUSSION

All of the finite element results conclusively show that introducing

OD notches in thick-walled cylinders significantly disrupts the stress

distribution in the cylinder under any applied loading, particularly in th e

vicinity of the root radius of the notch. The effect is smaller for shalleo

notches than deep notches, but is significant in either case. The interv al

pressure solutions show that the greatest tensile principal stress occu; alt

the root of the notch in the deep notch case indicating that should such a

cylinder be subjected to fatigue, crack initiation would most probably occur

at the OF rather than the I), as in smooth cylinders. For the shallow notch

case, the maximum tensile principal stress at the ID and at the root radius

of the notch are approximately the same, making crack initiation equally

likely at either location.

Recent studies on OD initiated fracture in thick cylinders show that the

stress intensity factor increases much more rapidly as the crack grows through

the wall thickness of cylinders when cracks initiate at the OD than when cracks

5
initiate at the ID for nonautofrettaged cylinders with pressure loading,

4
and also for autofrettaged cylinders under no external loads. This results

in smaller critical crack sizes for OD cracks and enhances the possibility of

an unexpected brittle type fracture. Often cylinders can tolerate part-

4Kapp, J. A., Unpublished results.
5 Kapp, J. A. and Eisenstadt, R., Fracture Mechanics, ASTM STP677, C. W. Smith,
Ed., American Society for Testing and Materials, 1979, pp. 746-756.

14
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through ID cracks (penny shaped, or semi-elliptical) that penetrate the entire

wall thickness before the onset of unstable crack growth. This "leak before

break" condition has not been observed in OD initiated failures.

The autofrettage simulation results are alarming, since in all cases the

tensile stress occurring in the outer portions of the cylinder are substan-

tially increased when the notches are introduced, further enhanci: g the like-

lihood of fatigue initiation at the OD, by increasing the stress ratio

( min/max ), which is an important factor in crack initiation.

An equally important, but unexpected result of the autofrettage simula-

tion solutions is the reduction in the value of residual stress which occurs

far removed from the notch. In essence, the introduction of the notches

relieve some of the residual stresses throughout the entire cylinder. This

finding has implications that effect not only the fatigue response of the

cylinder, but the static strength of the cylinder as well. The decrease in

the maximum compressive stress at the ID also increases the stress ratio

applied to this portion of material under fatigue conditions. Also, the

smaller compressive residual stresses can be more easily overcome by tensile

hoop stresses when the notched cylinder is subjected to internal pressure.

Therefore, less pressure is required to initiate yielding in the notched

cylinder.

The calculation of the reyielding pressure in real cylinders is compli-

cated by material behavior, such as reversed yielding after the removal of

the autofrettage pressure caused by the Bauschinger effect, and the increase

in tensile yield strength which often accompanies the cold working of

15



!t ,,it r i i. A fir:st approxirmation can be made by assuiming these effects tc

i'. I g: Iv. As . 2 ij ng t he Tresca criterion app lies, yielding occurs l,( T.-

': )= 01 - G3

In t cis - th, difference in principal stresses is maximum at ti[-

is totMii hoop stress; the sum of the Lame hoop stress and tv hs

. Ii s: , . i the pressure which is compress.ive. lsi',.

I - . iU.ition (1.) can be rewritten as.:

b 
2

I+ + 1
j+ (r=a) + P

2T-A

1' r reirr)' j o g c 1  s t iii on (1.1) the pi assure required for vieldI i , the c la t i c

st ren-t Iresslrs , [SB is

b 2 _a 2 0 a))E:SP = 2 1- 0 OA

To get a good estimate of the elastic strength pressure for the notched

cv liin,er, it is necessary to extrapolate the finite element solutions to the

insid. radios. This is accomplished easily when it is realized that the

residual stresses acting on plane A-A are reduced uniformly with respect to

the tull thickness theoretical solution. The relieved stresses can be

represented accurately bu multiplying the theoretical solution by a factor R

0eArelieved = Rf"OA

Numerical values for Pffor the cases analyzed are presented in Table I.

16
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For the case )f 10 0 . overstrain in a smooth cylinder, the theoretical

value of compressive residual stress at the ID is -. 753 cl0 . From Tahle 1, R

for the deep notch 100. overstrain condition is .72, thus the relieved hoop

residual stress at r a is then -. 542 o these values in ,

thc elastic strength I essures for a smooth cylinder and a deeply notched

cylinder are respectively
b2 -a 2

ESP - 1.753 o 2 -)

b2 -a2
ESP - 1.542 00

The I-",. decrease is significant since often some thick cylinder pressure

vessels are designed with little more than 20'0 safety factor.

CONCLUSIONS

Autofrettage residual stresses resulting from plastic deformation of a

cylinder can be modeled exactly by application of a specific temperature

gradient. This method of analysis was used to determine the effect of

introducing OD notches on the autofrettage residual stress distributions.

The stresses in a notched cylinder subject to internal pressure loading were

also determined. The results show that in either of the two notch depths

tested, the maximum tensile principal stress occurs at the OD of the cylinder.

Also by introducing the notches the autofrettage stresses are relieved to an

extent which reduces the pressure required to reyield the cylinder signif-

icantly.

17
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TABLE I. STRESS CONCENTRATION FACTORS (Kroot AND Knotch)

AND STRESS REDUCTION VALUES (Rf)

Deep Notch Shallow Notch

Loading Condition Kroot Knotch Rf Kroot Knotch Rf

internal Pressure 5.4 1.6 1 3.5 1.3 1

60% Overstrain 5.8 1.2 .71 3.5 1.00 .72

100% Overstrain 6.6 1.3 .70 3.7 1.02 .70

20



.6

.5-

.4-

3-

.2-

60% OVERSTRAIN
b~o

-4-
100% OVERSTRAIN

-.68-

0 .1 .2 .3 .4 5 .6 .7 .8 9 1.0

(r-a) / W

Figure 1. Theoretical autofrettage hoop residual stresses for

a thick-walled cylinder of diameter ratio b/a of 1.74.
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(r-a)/W
Figure 2. Axisymmetric temperature distributions which produce

thermal stress distributions equivalent to the auto-
frettage stresses in Figure 1.
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Figure 5. Finite element results for the deep notch internal pressure

loading condition.
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20-

1.8 FINITE ELEMENT

N B-B

LAME SOLUTION
REDUCED WALL THICKNESS

14- LAME SOLUTION, REDUCED WALL
THICKNESS 66 BENDING

(r-a)/W

Figure b. Finite element results for the deep notch internal pressure
loading condition.
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2.0

0 .1 .2 .3 4 .5 .6 .7 .8 .9 1.0
(-)W

Figure 7. Finite element results for the shallow notch initernal pressure
loading condition.
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2.2

2.0'

LAME SOLUTION REDUCED WALL THICKNESS

1.8 -

j -. LAME SOLUTION
b REDUCED WALl.

THICKNESS a BENDING

FINITE ELEMENT B-B

1.2-

0 .1 .2 .3 .4 .5 .6 .7 8 .9 1.0

(r-o)/W
Figure 8. Finite element results for the shallow notch internal pressure

loading condition.
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6 qFINITE ELEMENT C-C

4

b
N2

0-

THEORETICAL SOLUTION
FULL WALL THICKNESS

-.4 iL
0 .1 .2 .3 .4 .5 .6 .7 .8 9 10

(r-a)/W

Figure 9. Finite element results for the deep notch 100% overstrain
loading condition.
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i-I
.2 -THEORETICAL SOLUTION

b°  REDUCED WALL THICKNESS
b-

0

FINITE ELEMENT B-B

-4-

0 .1 .2 .3 .4 5 .6 7 .8 9 1.0

(r-a)/W

Figure lu. Finite element results for the deep notch 100% overstrain
loading condition,
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.6

FINITE ELEMENT C-C

.2r

b° FINITE ELEMENT A-A0O

-.2,

THEORETICAL SOLUTION
- FULL WALL THICKNSS-74

-6

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0
(r-o)/W

Figure II. Finite element results for th shallow notch 100% overstrain
loading condition.
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.2-- THEORETICAL SOLUTION

~REDUCED WALL THICKNESS

0. O- FINITE ELEMENT B-8

0 .1 .2 .3 .4 5 .6 .7 .8 .9 1.0

(r-a)/W

Figure 12. Finite element results for the shallow notch 100% overstrain
loading condition.'
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.3

2 THEORETICAL SOLUTION
REDUCED WALL THICKNESS

0 FINITE ELEMENT B-B

I--A

o j .2 .3 4 .5 .6 .7 .8 .9 10

(r-a)/W

Figure 14. Finite element results for the deep notch 60% overstrain
loading condition.
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FINITE ELEMENT C-C

.2K-

FINITE ELEMENT A-A

bO-

I-__

-2i- THEORETICAL SOLUTION FULL WALL THICKNESS-

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 10

(r-a)/W

Figure 15. Finite element results for the shallow notch 60% overstrain
loading condition.
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.2

-.2

THEORETICAL SOLUTION REDUCED WALL THICKNESS

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0

Figure 16. Finite element results for the shallow notch 60% overstrain
loading condition.
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